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Adjoint
under complex canonical transforms, 394
of a finite matrix, 9
of an infinite matrix, 188
of an integral kernel, 188
of an operator in a function space, 189, 247
of an operator in N-dimensional space, 12,
20
Airy functions
as a Dirac basis and transform kernel, 374
as initial conditions for diffusion, 429
and the linear potential Schrodinger
equation, 272
series expansion of, 454
in terms of Bessel functions, 454
Airy transforms, 374
Amplitude modulation, 114
Analytic continuation
of canonical transform parameters, 386,
388, 393
of Laplace transform functions, 336
of Legendre transforms, 376
of Taylor series, 346
Autocorrelation
definition, 115
of noise, 121
of periodic functions, 116
and power spectrum, 117
Average of a function, 329

473

Axioms
of equivalence relations, 436
of groups, 14
of semigroups, 199
of vector spaces, 4, 140

Backwave

absence of, in odd dimensional media, 358

in two-dimensional elastic media, 367
Baker-Campbell-Hausdorff relations

for Bargmann transforms, 410

from canonical transforms, 409

for dilatations, 267

for exponentiated matrices, 24

and the Weyl commutation relation, 266
Bargmann, V., 381, 395, 399
Bargmann space

and coherent states, 318, 402

and its collapse to £* (R) space, 403

description, 395

inner product in, 396

reproducing kernel for, 401

weight function in, 396
Barut-Girardello transforms, 405, 416
Basis (see also Eigenbasis)

Airy function, 374

for Bargmann space, 400

coherent state, 402
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Basis (cont.)
complete, for function spaces, 182, 248,
372
Dirac’s generalized, 183, 373
dual, 10
eigen, for the Laplacian, 223
Fourier, 142, 182, 373, 414
harmonic oscillator, 374, 400, 414
Mellin, 346, 373
normal mode: see Normal modes
orthonormal, 6
Taylor, 140
and its transformations, 9
for a vector space, 5
Bessel functions
asymptotic zeros of, 218, 238
as coefficients in Laurent series, 449
definition, 449
generating functions for, 369, 370, 450
as Green’s functions in the infinite lattice,
216
as Hankel transform kernel, 363
modified: see Modified Bessel function
normalization constants for, 233, 244
orthogonality of, 236, 248
as radial solutions of the wave equation,
231, 240, 243
raising and lowering operators for, 451
recursion relations for, 365, 451
zeros of, 231, 238, 241, 244, 246, 450
Bessel inequality, 173
Bessel series
and Fourier sine series, 243
infinite-radius limit for, 238
of integer order, 235
of real order, 243
Bilinear product, 102, 354
Bochner’s theorem: see Positive definite
Bochner transforms: see Hankel transforms
Boundary conditions
for canonical transforms, 383
and Cartesian coordinates, 223
for complex plane integration, 396
invariance under transformations, 227
moving, for the diffusion equation, 433
moving, for quadratic differential
equations, 443
and orthogonal coordinates, 250
periodic, 197, 213, 227
in polar coordinates, 231, 238, 240
for self-adjointness of the Laplacian, 222
and zeros of function and derivative, 201,
202, 213

Brillouin diagram
for diatomic lattices, 84
for farther-neighbor interaction lattices,
73
for infinite lattices, 215, 220
for molecular lattices, 76, 79
for oscillation frequencies, 63
for oscillation periods, 63
for velocities, 68
for wavelengths, 64
Bromwich contour, 338

Gf" function spaces, 263, 269, 274, 277, 314,
375
Canonical transforms
complex linear
Bargmann case of, 399
collapse of, to Moshinsky-Quesne
transforms, 403
composition of, 398
inner product for, 394
inversion of, 398
weight function for, 396
complex radial, 405
geometric, 389, 422
Heisenberg-Weyl, 418
as hyperdifferential operators, 405
inhomogeneous linear, 419
N-dimensional symplectic, 405
real linear
composition of, 385
definition, 382
geometric, 389
identity for, 388
inversion of, 384
kernel for, 383
one-parameter subgroups of, 391
Canonically conjugate
classical observables, 89
quantum operators, 272, 382
Casimir operator, 313
Cauchy representation of a function, 300
Cauchy sequence, 182
Cauchy theorem on complex integration,
144, 340
Causal functions
definition, 294, 338
Fourier transform of, 294
Laplace transform of, 338
Paley-Wiener theorems for, 294
properties of anticausal functions, 296




Causality (see also Causal functions, Filters)
approximate, in infinite lattices, 216
of the damped driven oscillator solutions,
292
in filtering of signals, 302
in N-dimensional elastic media, 358, 367
in one-dimensional elastic media, 206
and poles in the complex plane, 290
Characteristic equation, 33
Characteristic polynomial, 34
Chebyshev polynomials, 41
Christoffel-Darboux formula: see Three-
term recurrence relations
Coherent states
Barut-Girardello, 416
as basis for Bargmann space, 402
definition, 317
dispersion of, 330
for the repulsive oscillator, 416
time evolution under harmonic oscillator,
415
Commutators
and canonical transforms, 382
of canonically conjugate operators, 272
distributivity of, 273
Leibnitz rule for, 273
of @™ and P", 273, 350
of raising and lowering operators, 309,
312, 313, 393
and uncertainty relations, 332
Complete generalized bases, 190
Complete spaces, 182
Complex conjugation
of functions, 160, 268, 318
of vector coordinates, 17
Computational complexity
of the fast Fourier transform algorithm,
127
of the longhand Fourier transform, 125
Convergence
componentwise (weak), 181
of Fourier integrals, 256
of Fourier series, /48, 164, 172
of function sequences, 181
in the norm (strong), 181
pointwise, 146, 181
of polynomial series, 315
of Taylor series, 141
uniform, 146, 149, 181
Convolution
in canonical transforms, 392
in diffusion processes, 198, 359
of Dirac &’s, 284
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Convolution (cont.)
in elastic media, 215, 356
through the fast Fourier transform, 129
and a filter’s transfer function, 302
in finite-dimensional spaces, 103
in Fourier series, 168, 198
in Fourier transforms, 268
and the Green’s function of a system, 286,
288, 356
in Hankel transforms, 371
in Laplace transforms, 342
in Mellin transforms, 371
transform, 378
Cooley, J. W., 125, 128
Coordinates
Cartesian, 222
equivalent systems of, 431, 433, 441
of a finite-dimensional vector, 7
of a function, 143, 182, 184
hyperspherical, 362
of plane and space, 250
polar, 230
separating: see Separating coordinates
spherical, 357
Correlation, 114
Coupling coefficients
in canonical transforms, 392
in finite-dimensional spaces, 102
in Fourier transforms, 283
Creation and annihilation operators: see
Raising and lowering operators
Cut functions (see also Causal functions,
Causality)
as causal solutions, 290
and the cutting process, 297
Fourier transforms and analyticity of, 296
in Laplace transforms, 338
through the rectangle function, 270
Cyclic group, 30
Cylindrical functions: see Airy, Bessel,
Macdonald, Modified Bessel,
Neumann, Struve functions

Damping (see also Diffusion, Dissipation)
of “massless” oscillator, 49
in one-dimensional elastic medium, 213
of simple lattice, 55, 70
of single oscillator, 44, 288, 341
Definite symmetry (see also Invariance)
under inversions, 159
under rotations, 354, 369
under translations, 159
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Degeneracy
accidental, 225, 227
in circular membrane modes, 234
of matrix eigenvalues, 34
in rectangular membrane, 224, 227
removal of, 39, 224
Diagonalization
of canonical transform matrices, 415
of infinite matrices, 186
of 2 X 2 matrices, 40
of self-adjoint matrices, 34, 36
of unitary matrices, 37
of A, 36, 41
Differentiation
of Bargmann transforms, 399
of discontinuous functions, 176
of Fourier integrals, 270, 273
of Fourier series, 163
fractional, 163
of harmonic oscillator expansions, 319
of the Heaviside step function, 282
of matrix functions, 26
operator, 271
Diffusion (see also Heat, Gauss-Weierstrass
transform)
and canonical transforms, 422
equation, similarity group of, 426
equation, manifest and hidden symme-
tries of, 423
in N-dimensional space, 359
in a ring, 196
Dihedral group
definition, 26
multiplication table, 30
and symmetry of the lattice equation of
motion, 55
Dimension of a vector space, 4, 139
Dini series, 238
Dirac, P. A. M., 144
Dirac 6
in Bessel series, 237
in canonical transforms
and coherent states, 415
and Gaussian time evolution, 411
and geometric transforms, 389
and the inversion formula, 398
as a limit of imaginary Gaussians, 388

as reproducing kernel in Bargmann space,

401
as derivative of the Heaviside step
function, 282
in Fourier states
derivatives of, 179

Dirac 6 (cont.)
in Fourier states (cont.)
divergent series representation of, 175
as a limit from finite-dimensional
spaces, 133, 135
as a limit of function sequences, 174
symbol, 175
in Fourier transforms
Cauchy representation of, 300
derivatives of, 281
divergent integral representation of, 282
of function argument, 284, 366
and inhomogeneous differential
equations, 286
as a limit of function sequences, 280
and principal value of an integral, 299
symbol, 280
in the heat equation, 198
and the Mellin transform, 346
and the Sturm-Liouville problem, 372
in the wave equation, 205, 357, 365
Dirac generalized basis, 183, 190, 372, 392
Dirichlet conditions, 132, 145, 167
Dirichlet kernel, 147, 174
Dispersion-free lattices, 218
Dispersion (of a function)
and canonical transforms, 392
of coherent states, 330
definition of, 330
functions of minimum, 330
of harmonic oscillator wave functions,
330
Dispersion (of waves)
in a finite lattice, 69
in an infinite lattice, 215, 219
linear approximation for, 70
Dispersion relations
of causal functions, 301
with subtractions, 306
Dissipation
of energy in a lattice, 87, 94
operator, 51
Divergent integrals: see Dirac § in Fourier
transforms
Divergent series: see Dirac § in Fourier series
Domains
of definition of complex canonical
transforms, 405
of definition of Laplace transform
functions, 335, 337
of hyperdifferential and integral
operators, 277
of self-adjoint and unitary operators, 189
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Dual basis, 10 Eigenvectors (cont.)
Dual function space, 181 of finite matrices, 33

Eigenbasis
of the dilatation operator, 373
the Dirac basis as, 190
the Fourier basis as, 190
of the free-particle Schrodinger
Hamiltonian, 414, 429, 435
of the harmonic oscillator Hamiltonian,
312, 414, 431
of the Laplacian
on an annulus, 244
on a rectangular region, 223, 225, 373
on a sector, 240
on the unit disk, 232
of the lattice interaction operator, 52
of the linear potential Schrodinger
Hamiltonian, 374, 429
of an operator, 189, 247, 372
of operators with degenerate spectra, 38
of quadratic differential operators, 414
of the repulsive oscillator Hamiltonian,
373, 414
of the second-difference matrix, 39
of self-adjoint matrices, 34
of three-dimensional rotation matrices, 37
of two-dimensional general matrices, 40
Eigenfunctions: see Eigenvectors
Eigenvalues
of the dilatation operator, 373
of finite matrices, 33
of the Fourier matrix, 38
of functions of matrices, 36
of the harmonic oscillator Hamiltonian,
312
of the Laplacian
on an annulus, 244
on Cartesian coordinate regions, 223,
225, 373
on a disk, 232, 238
on a sector, 240
of the linear potential Schrodinger
Hamiltonian, 374
of 2 X 2 matrices, 40
multiple, 34
of an operator, 189, 247, 372
of quadratic differential operators, 414,
435
of the second-difference matrix, 36
Eigenvectors
of the dihedral operators, 39, 40
of the dilatation operator, 373

of the Fourier transform, 308
generalized, 189
of the harmonic oscillator Hamiltonian,
312, 414
of the Laplacian
on an annulus, 244
on Cartesian coordinate regions, 223,
225, 373, 414
on a disk, 232
on a sector, 240
of the linear potential Hamiltonian, 374
of the lowering operator, 317
of 2 X 2 matrices, 41
of an operator, 189, 247, 372
of a quadratic differential operator, 435
of the repulsive oscillator Hamiltonian,
321, 373, 414
of three-dimensional rotations, 37
Elastic medium: see Wave equation
Electric circuit, 44
Energy
conservation of, 86, 95
in a diatomic lattice, 88
in a finite general lattice, 86, 95
as a metric, 98
in normal modes, 87
operator, 95
in the quantum oscillator, 312
as a sesquilinear form, 95
in a string discontinuity, 213
in a vibrating string, 211
Energy-time uncertainty relation, 332
Equivalent width, 172, 331
Euler integral, 445
Exponential operator, 274
Exponentiation (see also Hyperdifferential
operators)
of the differentiation operator, 180, 189,
274, 316
of the Fokker-Planck operator, 438
of the generator
of diffusion, 25, 200, 276
of dilatations, 275
of the lattice equation of motion, 90
of the wave equation, 210
of the Hermite differential operator, 433
of the linear potential Schrodinger
Hamiltonian, 420
of matrices, 24, 25, 26
of quadratic differential operators, 406,
408
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Exponentiation (cont.)
of the quantum harmonic oscillator
Hamiltonian, 320
of the second-difference operator, 25

Factorial function, 445
Fast Fourier transform algorithm
binary bit inversion, 128
convolution through, 129
description, 125
FORTRAN program, 129
mergings, 127
regression, 127
Filters
absorptive and dispersive properties, 305
averaging and differencer, 109, 121, 306
band-absorbing, 305
causal, 301
delay, 108
finite memory, 302
high-pass, 79, 108
low-pass, 79, 108
and noise, 122, 124
series and parallel connection of, 109
transfer function of, 108, 302
and waveforms, 108
window, 109
Finite Fourier transform
of the coordinates of a vector, 16
definition, 16
of dihedral matrices, 31
of the farther-neighbor interaction lattice,
73
on finding the matrix for, 41
matrix, 16
of the molecular lattice, 75
powers of, 17
of projection operators, 23
of the second-difference matrix, 21
of the simple lattice equations of motion,
53
Fokker-Planck equation, 438, 440
Fourier integral theorem, 256
Fourier integral transform
and the Airy function, 272
of anticausal functions, 296
and asymptotic behavior, 294
in Bargmann space, 400
as a canonical transform, 391
and causal filters, 301
of causal functions, 290, 293

Fourier integral transform (cont.)
convolution and product in, 268
definition, 134, 194, 256
and dilatation, 267
and differentiation, 270
of functions with finite support, 296
of the Gaussian bell function, 261
and Green’s functions, 276, 287
and growth, 273
of harmonic oscillator wave functions, 311
as a hyperdifferential operator, 320
and integration, 273
and linear combination, 265
N-dimensional

definition, 352

linear transformations in, 353

of spherically symmetric functions, 361
of power functions, 324
powers of, 265
of the rectangle function, 257
of the repulsive oscillator wave functions,

327

self-reciprocal functions under, 308
self-reciprocal operators under, 308, 312
and the simple harmonic oscillator, 288
square root of, 328, 392
and the time evolution of Gaussians, 411
and translation, 266
and uncertainty relations, 328

Fourier series
and complex conjugation, 158
and convergence, 164
definition, 131, /45
and differentiation, 163
and dilatation, 158
divergent, 175
generalized, 223, 248, 314 (see also Series)
and integration, 162
and inversion, 157
and Jacobi #-functions, 170
moduli and phase shifts of, 154
and operators, 187
for any period, 191
of the polygonal function, 177
of the rectangle function, 150
sine and cosine, 154, 192
of the square wave, 156
and translation, 155
of the triangle function, 152
truncation, 172

Fractional derivatives, 163

Free fall: see Linear potential



Frequency lattice
for the annular membrane, 245
for the circular membrane, 234
for the rectangular membrane, 225
for the sectorial membrane, 241
Friction, 44
Functions (see also under specific properties
or names)
analytic, as boundary values, 298
analytic continuation of, 336
of bounded total variation, 147, 256
Cauchy representation of, 300
causal: see Causal functions
derivatives of discontinuous, 176
entire analytic, 296, 394
equivalent width of, 172, 331
existence bands for, 337
generalized, 175, 181, 264, 280
integrable: see £', £ functions
of matrices
convergence of, 24
differentiation of, 26
moments of, 329
piecewise continuous, 256, 259
piecewise differentiable, 146
sequences, convergence of, 181
test, 134, 175
Fundamental solutions
for the heat diffusion in a ring, 198
for the infinite lattice, 216
for the N-dimensional diffusive medium,
359
for the simple finite lattice, 56
for the three-dimensional elastic medium,
356
for the vibrating string, 205

Gamma function
Euler’s integral for, 445
Gauss and reflection formulas for, 446
and Mellin transform, 348
numerical computation of, 446
poles and residues of, 445
Galilean transformations, 426, 427, 432
Gaussian function
and coherent states, 317
convolution of two, 270
of decreasing width, 280, 388
definition, 261
discrete, 170
Fourier transform of, 261
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Gaussian function (cont.)

Fourier transform, with imaginary width,
324
as Green’s function for diffusion, 359
growth of, 334, 394
as integral kernel, 375, 378, 390, 403
as minimum dispersion function, 331
operator, 276, 279, 287, 403 (see also
Diffusion)
second moment of, 262
self-reciprocity of, 308
time evolution under quantum potentials
of, 411
width of, 328
Gauss-Weierstrass transform, 276, 375, 390,
402, 428 (see also Heat, Diffusion)
Gegenbauer polynomials, 249, 315
Generating function
for Bessel functions, 369, 370, 449
canonical transform kernels as, 401, 414
for harmonic oscillator wave functions,
314
Generator
of canonical transforms, 406
of diffusion, 200, 276, 422, 425
of Fokker-Planck time evolution, 438
of Heisenberg-Weyl transformations, 418
of SI(2,R) transformations, 408
of the similarity group of the diffusion
equation, 422
of time evolution in elastic media, 210
of time evolution in a lattice, 90
of time evolution in quantum systems,
410, 439
of translations, 189, 274, 316, 418
of unitary matrices, 74
Geometric transform, 389, 422, 435, 439
Gibbs phenomenon, 150, 167
Green’s function
for the diffusion equation, 198
for elastic-diffusive media, 355, 367, 376
and Fourier transformation, 287
for a general operator, 287
for the infinite lattice, 215
for the N-dimensional diffusion equation,
359
for the N-dimensional elastic medium,
363
for quantum mechanical quadratic
Hamiltonians, 410, 439
for the simple lattice, 54
for the single oscillator, 47, 289, 342
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Green’s function (cont.)
for a three-dimensional elastic medium,
357
for a two-dimensional elastic medium,
366
for the wave equation in one dimension,
204
Green’s operator
for the damped lattice, 94
for diatomic lattices, 93
for diffusion, 199, 422
group properties of, 92
for inhomogeneous differential equations,
287, 375
in phase space, 91
for quantum mechanical systems, 410, 439
for the simple lattice, 54, 57
for the wave equation, 210
Ground state of the harmonic oscillator (see
also Gaussian function)
canonical transform of, 397
and coherent states, 317
definition, 309
Group
abelian, 92
axioms of, 14
cyclic, 30
dihedral, 26
of dilatations, 275, 354, 390, 406, 425
of elliptic transformations, 391, 407, 426
of Galilean transformations, 426
of geometric transformations, 422, 427
Heisenberg-Weyl, 418
of hyperbolic transformations, 391, 407,
426
of inhomogeneous linear transformations,
420, 435
of linear transformations (free-fall), 426,
429
of linear transformations in space, 353
of orthogonal transformations, 363, 369
of permutations, 15
of projective transformations, 426
SI2,@), 408
SL(2,R), 390
of time evolution: see Time evolution,
Green’s function, Green’s operator
of translations and inversions, 155, 157,
274, 315, 423
two-dimensional orthogonal, 234, 245,
369
of unitary matrices, 13

Growth
definition, of a function, 334
of functions in €, 397

Hankel transforms
convolution in, 371
and definite rotational symmetry, 369
as limit of Bessel series, 238
normalized, 370
recursion relations, 364
reduction of N-dimensional Fourier
transform to, 363
Hanning function, 113
Harmonic oscillator
and coherent states, 317
expansions, 314, 318, 401
raising and lowering operators for the,
308, 313
Schrodinger equation, 312
and self-reciprocity under Fourier
transformation, 308, 391
wave functions
addition formula, 320
in Bargmann space, 399
canonical transforms of, 397, 414
evolution under diffusion, 431
explicit form, 311
generating function for, 314, 401
orthonormality of, 309, 400
width, 320, 330
Heat
capacity, 197
conservation, 25, 199
in an N-dimensional diffusive medium,
359
diffusion in an infinite rod, 359, 422
diffusion in a ring, 171, 195
diffusion in a rod with cold walls, 201
Heat polynomials, 432
Heaviside step function, 205, 281
Heisenberg commutation relation, 272, 382
Heisenberg uncertainty relation, 329, 392
(see also Uncertainty relations)
Heisenberg-Weyl transform, 418
Helmbholtz equation, 250
Hermite polynomials
addition formula for, 319
in the diffusion equation, 433
explicit expressions for, 319
hyperdifferential formula for, 319, 410
table of, 311



Hermitian

finite matrices, 20

infinite matrices, 188

integral kernels, 188

operators, 188, 222, 247, 271
Hilbert space, 182, 189, 248, 264, 372, 399
Hilbert transforms, 376
Holder’s inequality, 261
Homogeneous medium, 361
Hyperdifferential operators

for an addition formula, 319

for Bargmann’s transform, 409

of convolution, 288

of diffusion, 200, 276

of dilatation, 275, 408

and the Dirac 6, 180

of an evolution equation, 287, 410

of Fourier transformation, 320

generating canonical transformations, 406

of Hermite polynomials, 319

and lattice time evolution, 90

of smoothing, 211

of translations, 198, 266, 274

of wave equation evolution, 210

Inequality
Bessel, 173
convolution, 103, 172, 269
Holder’s, 261
Minkowski, 261
Schwartz, 7, 142, 261, 330
triangle, 8, 261
Inertia operator
in diatomic lattice, 82
in simple lattice, 50
Inhomogeneous differential equations
and the Dirac 8, 287
and the Green’s function, 276, 287
and the Laplace transform, 341
and the reduced equation, 286
Inhomogeneous linear canonical
transforms, 479, 434
Inner product
Bargmann’s, 395, 399
for canonical transforms, 395
for finite-dimensional spaces, 6
for function spaces
on an annulus, 243
on an interval, 141, 247
on N-dimensional space, 353
on the real line, 256, 372
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Inner product (cont.)

for function spaces (cont.)
on a rectangle, 227
on a region in N-space, 222
on a sector, 240
on the unit disk, 230
Integral kernel (see also Green'’s function)
for canonical transforms, 383
for convolution transforms, 378
Gaussian, 200, 375
representing an operator, 186, 288
solving an inhomogeneous differential
equation, 286
Integral transform
Airy, 374
Bargmann, 399
Barut-Girardello, 405
bilateral Laplace, 334, 403
bilateral Mellin, 345
Bochner, 364
canonical
complex linear, 393
complex radial, 405
inhomogeneous, 420
real linear, 381
convolution, 378
Fourier, 134, 194, 256, 352
Gauss-Weierstrass, 375, 402
geometric, 389, 422
Hankel, 239, 370
Hankel-Bochner, 364
Hilbert, 376
Kontorovich-Lebedev, 371
Laplace: see Integral transform,
unilateral, bilateral
limit of the identity, 388
Mehler-Fok, 376
Meijer K, 371
Mellin: see Integral transform, unilateral,
bilateral, positive, negative
Moshinsky-Quesne, 381, 393
negative Mellin, 345
Neumann, 371
positive Mellin, 344
Sommerfeld-Watson, 376
Stieltjes, 377
unilateral Laplace, 337
unilateral Mellin, 347
Weber, 371
Integration
in Fourier series, 162
in Fourier transforms, 273



482 Index

Interaction operator
eigenbasis, 52
for farther-neighbor interaction lattice, 72
for the finite lattice, 50
for the infinite lattice, 214
for the molecular lattice, 214
for the simple lattice, 52
Invariance
of boundaries under similarity
transformations, 428
under Fourier transformation, 308
of functions
under complex conjugation, 160
under inversion, 159, 193, 206, 216
under plane rotation, 234
under translation, 159, 198, 206, 216
of the lattice equations of motion, 28
of multiple-root eigenspaces, 34
of simple lattice, 55
under space rotations, 354, 361
of A under the dihedral group, 32
Inverse-square law for illumination, 358
Inversions
and degeneracy removal, 39
of finite lattices, 30, 32, 55
for Fourier series, 157
for Fourier transforms, 265
matrices representing, 17
for N-dimensional Fourier transforms,
353
for oscillator expansions, 318
Isometric operators, 182, 188, 264
Isotropic medium, 361

Jacobi canonical form, 38
Jacobi polynomials, 249, 315
Jacobi 6-function
definition, 170
and the diffusion equation, 198
and the Dirac 8, 174
and hyperdifferential operators, 180
smoothing applications, 171
Jacobian, 353, 363

Kapteyn series, 246
Kontorovich-Lebedev transform, 371
Kramer, P., 393, 405

L'-spaces of functions
on a finite interval, 147
on the real line, 264, 269, 273

£%spaces of functions
on a compact region, 222, 230, 240, 243
on the complex plane: see Bargmann space
on a finite interval, 142, 181, 182, 189, 235,
247
on the real line, 264, 273, 277, 314, 346,
372, 373, 375, 384
Lag, 115
Laguerre polynomials, 249, 315
Lanczos o-factors, 169
Laplace transform
bilateral, 334
and Bromwich contours, 338
as a canonical transform, 403
convolution, 342
differentiation, 341
unilateral, 337
Laplacian
in the heat equation, 197
in N-dimensional Cartesian coordinates,
222
in N-dimensional spherical coordinates,
368
in the one-dimensional wave equation, 201
in polar coordinates, 230
as self-adjoint operator, 203
spectrum for generalized bases on R”,
373
spectrum in R, 222, 224, 241, 244
Lattice
with defect, 85
diatomic, 82
dihedral symmetry of, 27, 55
equation of motion, 51
with farther-neighbor interaction, 71
with fixed ends, 70
frequency, 266
fundamental solutions, 56
infinite, 214
molecular, 74
uncoupling, 53
Laurent series, 449
Leakage, 112
Legendre polynomials, 142, 249, 250, 315
Limit
of annular to disk functions, 245
of Bessel series to Hankel transforms,
238
of complex to real canonical transforms,
403
of finite Fourier transform
to Fourier integrals, 134
to Fourier series, 131



Limit (cont.)
of Fourier series to Fourier transforms,
193
of real canonical linear transforms to the
identity transform, 388
Linear combination
of filtered signals, 107
of functions, 740, 155, 265
of operators, 11
of vectors, 4
Linear independence
of conserved quantities in a lattice, 96
of functions, 140
of vectors, 4 -
Linear potential
eigenfunctions under diffusion, 429
evolution transform, 420
Schrodinger equation, 272, 374
Lommel function, 371
Longitudinal waves in lattices, 50
Lowering operator: see Raising and lowering
operators

Macdonald functions, 371, 453
Manifest and hidden symmetries, 423, 426,
429
Mass defect in a lattice, 85
Mathieu functions, 250
Matrix
adjoint of, 9
“continuous”, 187
differentiation of, 186, 316
Fourier, 16, 184
hermitian, 20, 188
inversion, 17, 186, 187
multiplication and Baker-Campbell-
Hausdorff relations, 390
normal, 38
permutation, 15
representing a canonical transform, 382
representing an inhomogeneous canonical
transform, 435
representing an operator, 11, 186, 316
second-difference, 21
translation, 186, 187, 316
Meijer K transform, 371
Mellin transform
applications, 351
bilateral, 345
differentiation, 349
divergence of, 349
positive and negative, 345
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Mellin transform (cont.)
as a Sturm-Liouville problem, 373
translations, 350
unilateral, 347
Method of images
in the conducting rod with fixed cold ends,
201
in the conducting rod with moving cold
ends, 433
for quadratic differential equations, 443
for the vibrating string, 205, 207
Minkowski inequality, 261
Minkowski space-time, 436
Modified Bessel function, 367, 371, 453
Moments of a function, 329
Momentum
constants of motion resembling, 97
in phase space, 89
quantum mechanical operator of, 271,
332, 382
Moshinsky, M., 381, 384, 393, 405
Multiplier function, 423

Neumann function
definition and properties, 451
as an integral kernel, 246, 371
in radial solutions of the wave equation,
231, 243, 245, 246
Neumann series, 246, 248
Neumann transforms, 371
Nodes
in a circular membrane, 234
in degenerate eigenvalue subspaces, 227
in a rectangular membrane, 225
in a string, 209
Noise
autocorrelation, 121
constant-density, 118
filtering, 122
Gaussian-density, 119
white, 121
Norm
approximation in the, 173, 264
convergence in the, 181, 264
for finite-dimensional vectors, 7
for functions, 141, 261
of a Gaussian, 264
Normal modes
in an annular membrane, 244
in a circular membrane, 233
for a diatomic lattice, 84
for the diffusion equation, 427
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Normal modes (cont.)
for an infinite lattice, 218
for a molecular lattice, 79
quantum-mechanical, 413
in a rectangular membrane, 225
for a simple lattice, 58
in a vibrating string, 208

Operator
adjoint of, 20, 189, 247, 271
canonical transform, 382
function, 190
hermitian, 188
isometric, 188
linear, 10, 107, 155, 185, 382
raising and lowering: see Raising and
lowering operators
second-order differential, 408
self-adjoint, 20, 189, 247, 271
unitary, 26, 37, 189, 264, 266
Operators
composition of, 12, 109
convolution of, 191, 200, 288
linear combination of, 11, 109
Optical and acoustic modes
of a diatomic lattice, 84
of a molecular lattice, 78
Orbit, 434, 436, 441
Order of a function, 334
Orthogonal
matrices, 354
polynomials, 249
two-dimensional transformations, 157,
234
vectors, 7
Orthogonality properties
in the Dirac sense, 183, 372
of the harmonic oscillator wave functions,
309
of the linear potential wave functions, 373
of operator eigenbases, 34, 37, 190, 247
of the power functions, 346, 400
of quadratic operator eigenfunctions, 414
of the repulsive oscillator wave functions,
328, 347
Oscillation frequency
Brillouin diagram for lattices, 59
of diatomic lattices, 83
effective, 44, 288, 342
of the infinite lattice, 215, 218, 220
of the membrane
annular, 244

Oscillation frequency (cont.)
of the membrane (cont.)
circular, 233
rectangular, 225
sectorial, 241
of the molecular lattice, 78
of the farther-neighbor interaction lattice,
73
of the quantum harmonic oscillator, 411
of the single damped oscillator, 46
of the vibrating string, 209
Oscillator
critical solution, 48
damped, driven, 288, 341
harmonic, wave functions, 311, 330
oscillatory solution, 47
overdamped solution, 48
quantum, operator, 312
quantum repulsive, 321
repulsive, wave functions, 322, 327, 347
single, equation of motion, 44
“springless”, 49, 53

Parabolic cylinder functions, 250, 322
Parseval identity
for Bessel series, 235
for complex canonical transforms, 394,
397
for finite-dimensional spaces, 13
for Fourier integral transforms, 134, 256,
261
for Fourier series, 132, 143, 149, 192
for general integral transforms, 373
for general orthogonal series, 248
for Hankel-Bochner transforms, 364
for harmonic oscillator expansions, 314
for Laplace transforms, 334, 338
for Mellin transforms, 345, 347
for N-dimensional Fourier transforms,
353
for real canonical transforms, 384
for series with annular functions, 246
for series of functions on a region, 223
Period
of a circular membrane, 234
of a finite lattice, 63
of the quantum oscillator, 411
of a rectangular membrane, 226
of a vibrating string, 209
Permutations
composition of, 15
cycles in, 15

&



Permutations (cont.)

and degeneracy, 224

and the dihedral group, 27

group of, 14

inversion of, 15

matrix representation of, 15

as rotations and inversions, 16, 353
Phase space

and constants of motion, 96

in damped systems, 94

of the lattice, 89

quantum mechanical, 332, 382

of the single harmonic oscillator, 89

and time evolution, 91, 210

of the vibrating string, 210
Phasor, 376
Pochhammer symbol, 455
Polar decomposition of operators, 33
Polarization identity, 8
Polarization vectors, 37
Polygonal function, 177
Polynomials (see also under their specific

names)

characteristic, 34

heat, 432

spaces of, 140

trigonometric, 132, 145, 164
Positive definite

functions, 279

series, 152

vector components, 20
Power spectrum

and autocorrelation, 117

definition, 106

in white noise, 121
Principal value of an integral, 299, 305
Product of vectors

in finite-dimensional spaces, 102

in function spaces, 168, 268, 344, 351
Projection operators, 22, 83
Projective transformations, 426, 427, 432

R-separability, 430, 432, 441
Radial functions
for the annular membrane, 244
for the circular membrane, 231
for the sectorial membrane, 240
Raising and lowering operators
under the Bargmann transform, 399
commutation relations of, 309
eigenfunctions of, 317
Fok’s representation for, 393
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Raising and lowering operators (cont.)
for the harmonic oscillator wave
functions, 308, 311
of second order for the harmonic
oscillator, 312, 313
Ray representation, 387
Reality
of functions: see Complex conjugation
of the lattice solutions, 55
of the spectrum of an operator, 34
of the A-eigenvectors, 39
Reciprocity principle
in diffusion phenomena, 198
in lattices, 55, 216
in wave phenomena, 206, 358
Rectangle function
Cauchy representation, 300
and the Dirac 8, 174, 280
Fourier series for, 150
Fourier transform of, 257
in the Green’s function of elastic media,
205
on an interval, 150
and noncausal filters, 304
on R, 257
use in smoothing, 169
width, 328, 331
References
on Airy functions, 455
on Baker-Campbell-Hausdorff formulas,
24, 409
on Bargmann transforms, 393, 399
on Barut-Girardello coherent states, 405,
416
on canonical transformations in quantum
mechanics, 381, 405
on causality, 358
on coherent states, 318, 416
on communication theory, 114
on complex canonical transformations,
393, 405
on convergence of polynomial series, 249
on convolution transforms, 378
on Dini and related Bessel series, 238, 246
on the Dirichlet conditions, 147
on the Dirac 8, 184
on dispersion in the infinite lattice, 218
on dispersion relations, 307
on the fast Fourier transform algorithm,
129
on Fok’s boson calculus, 381, 393
on Fourier series, 147, 191
on Fourier transforms, 264, 265
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References (cont.)
on functional analysis, 184, 191, 264
on the gamma function, 447
on the Gauss-Weierstrass transform, 375,
403
on group theory, 14, 428
on Hankel transforms, 371
on Hilbert transforms, 377
on hyperdifferential operators, 191
on integral transforms with cylindrical
functions, 371
on Laplace transforms, 343
on lattices, 85
on matrix diagonalization, 38
on matrix functions, 23
on Mellin transforms, 351
on Moshinsky-Quesne transforms, 381
on operator eigenbases, 251
on orthogonal polynomials, 249
on polar decomposition of matrices, 33
on self-reciprocal functions, 392
on separation of variables, 428, 430
on signal detection, 125
on similarity groups, 428
on smoothing techniques, 171
on Sommerfeld-Watson transforms, 376
on spherical harmonics, 251
on Stieltjes transforms, 377
on two- and three-variable expansions,
250
on uncertainty relations, 332
on zeros of the Bessel function, 217, 238,
246
Repulsive oscillator
and the Bargmann transform, 410
and the diffusion equation, 431
and the Hilbert transform, 377
and the Mellin transform, 347, 373
Schrodinger equation, 321, 373
wave functions
completeness, 347, 414
explicit expression, 322
Fourier transform of, 327
orthogonality, 328, 414
Riemann-Lebesgue lemma, 147, 260
Rodrigues formula, 249, 311
Rotations
as axes permutations, 16
dihedral, 29
of finite lattices, 29
in N dimensions, 354
in three dimensions, 37
unitary transformations as, 13

Sawtooth function, 260 !
Scalar product: see Inner product ‘
Schlomlich series, 246
Schrodinger equation

general, quadratic, 417, 434

for the harmonic oscillator, 312

for the linear potential, 272, 374

for the repulsive oscillator, 321

and the Sturm-Liouville problem, 249,

373 )
Schwartz inequality, 7, 142, 261, 330

Second-difference operator {

definition, 21 L

diagonalization, 21, 41
eigenbasis, 39
in Fourier basis, 21
in Fourier series, 172
powers of, 22
in the simple lattice, 52, 214
spectrum, 36
Self-adjoint operators (see also Hermitian
operators)
under complex canonical transforms, 394
in finite-dimensional spaces, 20
in function spaces, 189, 372
Q and P, 271
Self-reciprocal functions
under Bargmann transform, 410
under Fourier transform, 308, 391
under Gauss-Weierstrass transform, 392
under quantum potential evolution, 413
Semigroup
of complex canonical transforms, 388,
394, 405
definition, 158
of diffusion operators, 199, 201
of dilatation operators, 158
similarity, of the diffusion equation, 428
Separation of variables (see also Normal
modes)
in diffusive one-dimensional media, 200,
417
for the diffusion equation, general, 428
for a general quadratic equation, 413, 330
for the Helmholtz equation, 250
in the infinite lattice, 219
in a lattice, 59
with a modulation factor (R-separability),
430
in N-dimensional Cartesian coordinates,
224
in N-dimensional spherical coordinates,
362, 370



Separation of variables (cont.)
in a one-dimensional elastic medium, 209
in two-dimensional polar coordinates,
230, 240, 369
Series
annular function, 246
Bessel, 235, 243
Dini, 238, 248
Fourier, 131, 145
harmonic oscillator, 314, 400
of higher transcendental functions, 250
Kapteyn, 246
Neumann, 246, 248
of orthogonal polynomials, 249
Schlomlich, 246
Taylor, 140, 246, 400
Sesquilinear form: see Inner product
Side-lobes, 112
Signals
causal, 301
detection and noise, 121
finite, 103
unit pulse, 107, 302
waveform, 108
Similarity group, 426, 428, 439
Similarity solutions, 429, 434, 440
Smoothing (see also Diffusion, Gaussian
operator)
and approximation, 172
of the Gibbs phenomenon, 167
by Jacobi 6-functions, 170
by Lanczos o-factors, 169
operator in elastic media, 211
through the rectangle function, 169, 269
Sonine discontinuous integral, 367
Source function
in constant-coefficient differential
equations, 276
in diffusive wave equations, 355
Spectral basis: see Eigenbasis
Spectrum
of the dilatation operator, 373
of the Fourier matrix, 38
of the Fourier operator, 308
of the harmonic oscillator Hamiltonian,
312
of the Laplacian operator, 223, 224, 231,
241, 244
of the linear potential Hamiltonian, 373
of the lowering operator, 317
point and continuous, 189
of the repulsive oscillator Hamiltonian,
321, 373
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Spectrum (cont.)
of the second-difference matrix, 36
of self-adjoint matrices, 34
of self-adjoint operators, 189, 247, 372
of unitary matrices, 37
Speech analysis, 114
Sphere in N dimensions, 363
Spherical harmonics, 251, 370
Square-integrability (see also $*-spaces of
functions)
on the complex plane, 395
and convergence of Fourier series, 164,
166
and function spaces on an interval, 142,
181, 247
and function spaces over R, 264
and uncertainty relations, 330
Square wave
convergence of Fourier series, 165
derivatives of, 176
Fourier series, 156
in a vibrating string, 208
Standing waves: see Normal modes
Stationary solution
to the diffusive-wave equation, 356
to a driven oscillator, 292, 342
Stieltjes transform, 377
Stopping band, 79
Struve function, 371
Sturm-Liouville problem
on a finite interval, 247
on the real line, 372
Subtractions, 306
Support of a function, 293

Taylor expansion

in Bargmann space, 400

continuous analogue of, 344

of the diffusion operator, 200, 276, 316

of the dilatation operator, 275

of the Dirac 8, 180, 287

of the Fourier operator, 320

and lattice time evolution, 90

and local properties of functions, 144

of polynomial function spaces, 140

of the repulsive oscillator wave function,

322

of the translation operator, 189, 274, 316

of the wave evolution operator, 211
Theta function: see Jacobi #-function
Three-term recurrence relation

for Bessel functions, 451
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Three-term recurrence relation (cont.)
for Chebyshev polynomials, 41
for the harmonic oscillator wave
functions, 319
Time evolution (see also Green’s function,
Green’s operator)
of circular membrane, 233
in diffusion phenomena, 199
of the driven, damped oscillator, 288, 341
in elastic-diffusive media, 365
in elastic media, 210, 356
under Fokker-Planck evolution, 438
of the general lattice, 90
group properties of, in the lattice, 92
group properties of, in the wave equation,
211
in the infinite lattice, 216
in quadratic differential equations, 410,
439
of quantum eigenfunctions, 413
of the rectangular membrane, 225
semigroup properties of, under diffusion,
199, 359, 422
Transformation (see also Integral
transforms and names of specific
transformations)
active, 10
of axes, 33
of bases, 9
Fourier, 16
geometric canonical, 389, 422
passive, 9
unitary, 13
Transient solution
to a damped oscillator equation, 292, 342
to the diffusive wave equation, 355
Translation operator (see also Rotations)
in canonical transforms, 418
in Fourier integral transforms, 266
in Fourier series, 155
in harmonic oscillator expansions, 315
as an infinite matrix, 186, 316
as an integral kernel, 187, 288
in Mellin transforms, 350
Transpositions, 15
Transverse oscillations
in lattices, 52
in single oscillator, 45, 48
Traveling waves
in finite lattices, 65
in infinite lattices, 219
in a vibrating string, 206

Triangle function
convergence of Fourier series of, 165
as initial elongation in elastic media, 208
in an interval, 152
Fourier series of, 152
Triangle inequality, 8, 261
Tukey, J. W., 125, 128
Type of a function, 334

Uncertainty relations, 328, 354, 392
Unitary
integral transform, 264, 375, 385
matrices, as exponentiated hermitian
matrices, 26
matrices, group of, 13
operators, 26, 37, 182, 184, 189, 264, 266,
267
transformations in phase space, 98

Vector space
axioms, 4, 140
basis for, 5, 34, 37, 39, 52, 189, 223, 247,
372
coordinates, 7, 143, 182, 184, 262
as a group, 14
inner product for, 6, 141, 222, 227, 230,
240, 247, 256, 353, 372
of solutions of an equation: see Normal
modes, Fundamental solutions
Vectors
angle between, 8
polarization, 37
positive definite, 20
Velocity of wave propagation (see also
Causality)
effective, in infinite lattice, 216, 219
in N-dimensional elastic-diffusive media,
367
in three-dimensional elastic media, 358
in two-dimensional elastic media, 366
in a vibrating string, 202
Vibrating string, 201

Wave equation
in N dimensions, 355, 365
in one dimension, 201
in three dimensions, 356
in two dimensions, 225, 230, 366

————



Wavelength
of finite lattice normal modes, 63
of infinite lattice normal modes, 218
Waves: see Traveling waves, Normal modes,
Signals, Filters, etc.
Weber transforms, 371
Wedge, electrostatic potential in, 351
Weight function
Bargmann’s, 399
for complex canonical transforms, 395
for the finite interval Sturm-Liouville
problem, 247
Weyl commutation relation, 266
Weyl group: see Heisenberg-Weyl
White noise, 121
Width of a function, 329 (see also Equivalent
width, Dispersion)
Whittaker function, 371
Windows
Hanning, 113
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Windows (cont.)
side-lobes and leakage, 112
time, 109
triangular, 112
Wronskian, 140

Y-functions: see Neumann functions

Zeros (see also Nodes)

of the annular functions, 244

of the Bessel function, 217, 231, 238, 241,
246, 450

of the Bessel function, asymptotic form,
218, 238

of Fourier series coefficients, 160

of the harmonic oscillator wavefunctions,
320

trajectories of, 241





